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Abstract

Thedesign of large scale DNA microarraysisa challeng-
ing problem. So far, probe selection algorithms must trade
the ability to cope with large scale problems for a loss of
accuracy in the estimation of probe quality. WWe present an
approach based on jumps in matching statistics that com-
bines the best of both worlds.

This article consists of two parts. The first part is the-
oretical. We introduce the notion of jumps in matching
statistics between two strings and derive their properties.
We estimate the frequency of jumps for random strings in
a non-uniform Bernoulli model and present a new heuristic
argument to find the center of the length distribution of the
longest substring that two random strings have in common.
The results are generalized to near-perfect matches with a
small number of mismatches.

In the second part, we use the concept of jumps to im-
prove the accuracy of the longest common factor approach
for probe selection by moving from a string-based to an
energy-based specificity measure, while only dlightly more
than doubling the selection time.

1. Introduction

1.1. Motivation

then allowed bind to (hybridize with) the oligos on the ar-
ray. Whenever the Watson-Crick complementary sequence
of an oligo is present in a cDNA sequence, that cDNA will
hybridize to the oligo. Unhybridized cDNA is washed off
the chip, and the amount of hybridized cDNA at each spot
can be measured via the fluorescent dye intensity. The idea
behind this procedure is that each spot represents one gene
and that the amount of hybridized cDNA at a spot is a mea-
sure of the gene’s transcript abundance in the cell sample,
which is often interpreted as the gene expression level or its
“activity” in the cell sample.

Oligos should be gene-specific, i.e., only the transcripts
of a single gene should hybridize to a given oligo, so the
measurement taken at the oligo’s spot can be interpreted
as the corresponding gene’s expression level in the sam-
ple. Note that a cDNA need not contain hexfect Watson-
Crick complement of an oligo to hybridize. Unfortunately,
the extent of hybridization depends on many parameters,
and the hybridization process on oligo chips is not yet fully
understood. We focus on microarrays with short oligonu-
cleotide probes (at most 30-mers, say), for which custom
design methodology and technology is currently emerging.

Several algorithms for oligo selection have been pro-
posed recently (e.g., [5, 6, 7]); they vary greatly in speed
and potential sensitivity. In [7], we proposed a fast oligo
selection algorithm that approximates oligo specificity by
longest common factor statistics. Thumgest common fac-
tor length Icf(s, t) of two stringss andt¢ is the maximum

DNA microarrays are a widely used tool to monitor gene length of a substring that occurs in batlandt.
expression. An oligonucleotide array (“chip”) is a plastic For each candidate oligoof geneg, and for each length
or glass slide containing mg spots, each consisting of ¢ < |o|, we define thdongest common factor statistics
many copies of a known oligomer (a DN25-mer, say) Icfs(o, £) as the number of gengs # ¢ containing an oligo
attached to the chip. In an experiment, an mRNA sam- o’ with Icf(o,0’) = ¢. Thus when Icfo, £) is nonzero for
ple is extracted from several cells, reverse-transcribed intosome/ close to|o|, the oligo is unspecific and should not
cDNA, and fluorescently labeled. The labeled cDNA is be used for the chip. The main advantage of this approach
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is its speed in large scale applications. For each gene 2. Properties of Jumpsin Matching Statistics
compute matching statistics against all other genes using an

enhanced suffix array [2]. In practice, matching statistics 2 1 Basics

less than half of the oligo length are meaningless and can
be considered as zero, which allows to speed up the compu-

tations considerably. The details are described in [7]. Let % be a finite alphabet. We write" for the set of all

strings consisting of characters frai andX* for all non-

A valid criticism against tfs longest common factor ap- empty substrings. We use the tefattor interchangeably
proach is that it ignores that a GC-binding is more stable with substring. A prefix of a string is a factor that starts at
than an AT-binding. Here we propose an improved speci- the beginning of the string, andsaffix is a factor that ends
ficity measure based on difference in Gibbs free energy be-at the end of the string. Whenis a string, we writels|
tween the intended match and all potential secondary bind-for its length and use subscripts to refer to the individual
ing sites. The challenge is to estimate this energy termcharacterss = (so,...,s|s—1). We use the notatios;_;
rapidly and accurately at the same time. We present an algofor the substrings;, ..., s;), andsg = s; |5 for the
rithm that uses the concept pfmps in matching statistics suffix starting at position.

(which we describe next), which is only approximately two Throughout the paper, we ugeb, ¢ for variables taking
to three times slower than the naive longest common factorletters ofY: as values, and we uset, ..., z,y, z for (pos-
approach. The algorithm is presented in Section 4, after asibly empty) strings ovek.

more theoretical discussion of jumps in matching statistics.
Definition 1 (Matching statistics). For stringss and ¢,

the matching statistics of s againstt are mglt = ms =
. o (M), ...,my,_1), where msis the length of the longest
1.2. Matching Statistics prefix of s(;) that occurs somewnhere in

As an example, consider the strings= GAATACT and
t = ATACGACT. Here mélt = (2,1,4,3,3,2,1). The third

Before suffix trees became common knowledge, it Wasfvalue,4, is obtained by finding the longest prefix g, =

n n ion whether the lon mmon rin S \
an ope questio ether the 0 gest commo subst goATACT that matches somewheretinlt is ATAC, a string of
two stringss andt can be found in linear tim@(|s| + |t]). lengthd

The answer is yes, and in retrospect, the solution is concep- F the definit foll . diatel
twally quite simple. rom the definition, one property follows immediately.

The key idea is to computmatching statistics ms’lt = Lemma 2 (Suffix property of matching statistics). Con-
(Ms, ..., ms,_;), where ms denotes the length of the secutive matching statistics decrease by at most one:
longest string that starts at positiom s and occurs some-
where int. Then the longest common substringscindt mg'’ >msg —1 foralli=1,...,|s|—1.

has lengthmax; ms;. As shown by Chang and Lawler [3]

and described in Gusfield’s book [4], the vector can be com- Proof. The inequality holds, because a prefixsgf_,) of
puted inO(|s|) time, that is, in constant amortized time per lengthm matching at some positighin ¢ implies a match-
element, when a suffix tree ofwith suffix links is avail-  ing prefix of s(; of lengthm — 1 at positionj + 1 in ¢.
able. The suffix tree can be built in linear tindg|¢|), as ~ Of course, there can be a longer matchsgf elsewhere
first shown by Weiner [12]. Thus the longest common sub- in t.

string can be found i®(|s| + |¢|) total time.

_ . L The suffix property leads to the concept jofnps in
From the definition of matching statistics, it follows that matching statistics.

consecutive entries of the vector are not independent: For

i > 0 we always have ms> ms;_; — 1 (see Section 2.1).  pefinition 3 (Jumpsin matching statistics). We say that a
When a strict mequgllty hp!ds for some posfuon, we say that jump occurs at position > 0 in ms'!* if and only if m§|t ”
ajump occurs at this position. This notion is easily gener- 0 and mé‘t Smelt _1

alized to matches allowed to contain a fixed small number . %.*1 . . .

of mismatches. Our first aim is to investigate some proper- At the tiegmnmg ofs (i = 0), there is always a jump
ties of jumps (Sections 2.2 and 2.3). Then we study the fre-Unless m§ =0.

guency of jumps in non-uniform random texts (Section 3.1).  When there is a jump at positianwe call J; := msf‘t
In Section 3.2, our results are applied to estimate the typi-thejump level.

cal length of the longest common substring of two random  Formally, a jump is a paifi, J;) of the jump’s position
sequences. We provide a numerical example in Section 3.3and level.
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2.2. Jumpsin Substrings

We discuss a connection between’thand mg!t when
w iS a substring of.

Lemma 4 (Matching statistics of substrings). Let u :
Si..i+L—1, 50 |u| = L. Then

ms/* L—k)
Proof. A match starting at positioh in « initially consists
of the same characters as a match starting at positiok
in s. It may be truncated by the remaining substring length,
which is L — k for the suffix starting at positiohinu. O

= min(mgl’,, (k=0,...,L—1).

Lemma 5 (Jumps in matching statistics of substrings).
Jumpsin mst!* can occur at position & = 0, and otherwise
at most at those positions0 < & < L where a jump occurs
inms’lt at position i + k.

Proof. There is always (unlesg does not occur at all if)
a jump atk = 0 in u (the start of the substring), even when
there is no jump at positioiin s. Its jump levelJy = msg‘t
is obtained by looking at the closest jump to the lefi of
s. Assume it occurs at positian- d for somed > 0 and its
level isj. Because there are no other jumps betweeni
andz, we know that mj:J.t = j —dunless this is below zero.
It follows that.Jy = min(max{j — d,0}, L).

For 0 < k < L note that a jump at positiog in
mst!t implies a jump at positiori + & in ms’l, because

ms* > ms'l| — 1is equivalent tonin(msﬂfk, L—k)>
min(msflfkil, L — k + 1) — 1, which implies mi‘fk >

msﬂfk_l — 1. The converse implication does not hold, as
shown by the following example. O

Example 6. Consider agains GAATACT and ¢
ATACGACT with me’l* = (2,1,4,3,3,2,1). We now focus
our attention on the substring= AATA of s. We obtain the
following jumps (non-jumps are marked with a dot).

Positioniins |0 1 2 3 4 5 6
Jumpsinmgt | 2 4 3
Jumps in m4lt 1 3 . .
Positionk in u 0 1 2 3

There is an initial jump to level atk = 0 (derived from
the jump to level 2 at = 0). The jump to leveB atk = 1
is the jump to levelt ati = 2 restricted to the remaining
substring length. Finally, the jump to levglati = 4 does
not become ajump &t = 3, because the value of rﬁ%: 1

is already implied by the previous jump.

Definition 7 ([i, L]-jump-set). We define thei, L]-jump-

set of m$l* as the set consisting of the jumps between posi-
tionsi + 1 andi + L — 1 (inclusive), and the closest jump to
the left ofi + 1 at positioni — d for the appropriate distance
d>0.

Corollary 8. Let u be the substring of length L of s that
starts at position 7. To obtain the jumpsin ms®, it suffices
to look at the [i, L]-jump-set of ms®lt,

2.3. Matching Statistics with Mismatches

Definition 9 (Matching statistics with f mismatches).
For stringss and¢, thematching statistics allowing f mis-
matches of s againstt are ms/t/ = (mg,.. .,mg’sH),

where m§ is the length of the longest prefix af;) that
occurs somewhere inwith at mostf mismatches.

Consider s GAATACT and ¢ ATACGACT.
We find ms*° = (2,1,4,3,3,2,1) and mglit =
(4,3,5,4,3,2,1). The first valued, results from the match
GAAT versusGACT at the end oft. Trivially mszw >

ms,i'tio + f, unless the end of either string is hit.

It is easy to see that Mslso satisfies the suffix property
(Lemma 2). So we can defijamps in ms’ in the same
way as jumps in nf5 and all properties still hold, especially
Corollary 8. We conclude with a last lemma.

Lemma 10. Let v be a substring of s starting at position
1. The longest common substring of « and ¢ with at most f
mismatches is the maximal level of all jumpsin ms“/%7, |t
can be computed from the [i, |u|]-jump set of ms?/t:7,

Proof. Trivially, Icf/ (u,t) = max;—o__juj—1 ms:»““f. The
maximum must occur at a jump; therefore it is equal to the
maximal jump level in m¢%/. The last statement now fol-
lows from Corollary 8. O

3. Statistical Analysis of Jumps

We shall estimate the frequency of jumps to leliéh a
(non-uniform) i.i.d. random text model, where each char-
acterc € X receives a probabilityr.. We generate two
independent i.i.d. strings andt of lengths|s| = m and
|t| = n according tor. We useP as a generic probability
measure for events in this text model. Especially, we write

P(w) := [[\5" 7., for the probability that the word
is generated ifw| steps. Let us defing as the probability
that two random characters matgh= > __,. 72. We also
setq:=1—p.

We consider jumps in “exact” matching statistics and
generalize the results to matching statistics with one mis-
match in Section 3.1. In Section 3.2, we use our findings to
make statements about the longest common substring (exact

and with one mismatch) of two strings.

cEX

3.1. Frequency of Jumpsin Matching Statistics

Consider the number of occurrenc&s, of a random
string of lengthL in t. Since there are — L + 1 possi-
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